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Two-dimensional plane wave propagation in an orthotropic micropolar elastic solid is studied. There exist three types
of coupled waves in xy-plane, whose velocities depend upon the angle of propagation and material parameters. A problem
on reﬂection of these plane waves from a stress-free boundary is considered. The reﬂection coeﬃcients of various reﬂected
waves are computed numerically for a particular model of the solid. The eﬀects of anisotropy upon the velocities and reﬂec-
tion coeﬃcients are depicted graphically for diﬀerent angles of propagation.
 2006 Elsevier Ltd. All rights reserved.
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It is well-known that material response to external stimuli depends heavily on the motions of its inner struc-
tures. Classical elasticity ignores this eﬀect by ascribing only translation degrees of freedom of material point
of body. Linear micropolar theory of elasticity (Eringen, 1966) by including intrinsic rotations of the micro-
structure, provides a model that can support body and surface couples and displays high-frequency optical
branch of the wave spectrum. For engineering applications, it can model composites with rigid chopped ﬁbres,
elastic solid with rigid granular inclusions, and other industrial materials such as liquid crystals.
Parﬁtt and Eringen (1969) discussed the plane wave propagation in an inﬁnite isotropic homogeneous
micropolar elastic solid half-space and showed the existence of four basic waves (a longitudinal displacement
wave, a longitudinal microrotational wave and two sets of two coupled waves) propagating with diﬀerent
velocities in an isotropic micropolar elastic solid. Smith (1967) and Ariman (1972) also discussed wave prop-
agation in micropolar elastic solids.
The assumptions of an isotropic behaviour may not capture some signiﬁcant features of the continuum
responses of soils, geological materials and composites. Iesan (1973, 1974a,b) studied some static problems
on orthotropic micropolar elastic solids. Kumar and Choudhary (2002a,b) studied the mechanical sources
and dynamic behaviour of orthotropic micropolar elastic medium.0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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tic solid are solved to show the existence of plane waves in an inﬁnite solid. A problem on reﬂection from
stress-free boundary of solid half-space is considered to analyze eﬀect of anisotropy on the reﬂection coeﬃ-
cients of three coupled waves for a particular model.
2. Formulation of the problem and solution
We consider a homogeneous and orthotropic medium of an inﬁnite extent with Cartesian co-ordinate sys-
tem (x,y,z). We restrict our study to the plane strain parallel to xy-plane, with the displacement vector
u = (u1,u2,0) and microrotation vector / = (0,0,/3). Following Eringen (1968) and Iesan (1973), the ﬁeld
equations for homogeneous and orthotropic micropolar solid in xy-plane in the absence of body forces and
couples, are given by:A11u1;11 þ ðA12 þ A78Þu2;12 þ A88u1;22  K1/3;2 ¼ q €u1; ð1Þ
ðA12 þ A78Þu1;12 þ A77u2;11 þ A22u2;22  K2/3;1 ¼ q €u2; ð2Þ
B66/3;11 þ B44/3;22  v/3 þ K1u1;2 þ K2u2;1 ¼ qj €/3; ð3Þwhere A11, A12, A22, A77, A78, A88, B44, and B66 are characteristic constants of the material, q is the density of
the medium and j is the microinertia. Here v = K2  K1, K1 = A78  A88, K2 = A77  A78, u¨i = (o2ui/ot2),
ui,jk = (o
2ui/oxjoxk) and €/i ¼ ðo2/i=ot2Þ.
Solutions of Eqs. (1)–(3) are now sought in the form of the harmonic travelling waveðui;/3Þ ¼ ðAdi; kBÞeikðx1p1þx2p2vtÞ ði ¼ 1; 2Þ ð4Þ
where k is the wave number, v is the phase velocity, di are components of unit displacement vector, pj (j = 1, 2)
are components of propagation vector and A and B are arbitrary constants.
Using Eq. (4), Eqs. (1)–(3) reduce toðD1  qv2ÞAd1 þ ðA12 þ A78Þp1p2Ad2 þ ip2K1B ¼ 0; ð5Þ
ðA12 þ A78Þp1p2Ad1 þ ðD2  qv2ÞAd2 þ ip1K2B ¼ 0; ð6Þ
p2K1Ad1 þ p1K2Ad2 þ i½ðvþ jk2ðD3  qv2ÞB ¼ 0; ð7Þwhere D1 ¼ A11p21 þ A88p22, D2 ¼ A77p21 þ A22p22 and D3 ¼ ðB66p21 þ B44p22Þ=j. The nontrival solution of Eqs.
(5)–(7) give the following cubic equation in ff3 þ Lf2 þMfþ N ¼ 0; ð8Þ
wheref ¼qv2;
L ¼ ½D1 þ D2 þ D3 þ ðv=jk2Þ;
M ¼D1D2 þ D2D3 þ D3D1 þ ðD1 þ D2Þðv=jk2Þ
 ð1=jk2Þðp21K22 þ p22K21Þ  ðA12 þ A78Þ2p21p22;
N ¼ ½D1D2D3 þ ðv=jk2ÞfD1D2  ðA12 þ A78Þ2p21p22g
 ð1=jk2ÞfD1K22p21 þ D2K21p22  2K1K2ðA12 þ A78Þp21p22g  D3ðA12 þ A78Þ2p21p22:
To solve Eq. (8), we calculateQ ¼ L
2  3M
9
; R ¼ 2L
3  9LM þ 27N
54
: ð9ÞIf Q and R are real (always true when L,M, and N are real) and R2 < Q3, then cubic equation (8) has three real
roots. These three roots are
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; ð17Þwhere sign of the square root is chosen to makeReðR 
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q
ÞP 0; ð18Þasterisk denotes complex conjugation andB ¼ Q
A
ðA 6¼ 0Þ B ¼ 0 ðA ¼ 0Þ: ð19ÞThe roots f1, f2 and f3 correspond to three types of quasi-coupled waves, whose velocities depend upon the
angle of propagation. Let we name these three waves as quasi-longitudinal displacement (QLD) wave, qua-
si-coupled transverse microrotational (QCTM) wave and quasi-coupled transverse displacement (QCTD)
wave. The corresponding velocities of these waves are identiﬁed from computer program of the solution of
Eq. (8). It is found that the velocities v1, v2 and v3 correspond to QLD, QCTM and QCTD waves, respectively.
For isotropic linear micropolar elastic solid, i.e., if we putA11 ¼ A22 ¼ kþ 2lþ j; A77 ¼ A88 ¼ lþ j;
A12 ¼ k; A78 ¼ l; K1 ¼ K2 ¼ v
2
¼ j;in Eq. (8), the velocity v1 corresponds to longitudinal displacement and the velocities v2 and v3 correspond to
two coupled waves as obtained by Parﬁtt and Eringen (1969). These velocities does not depend upon the angle
of propagation.
3. Reﬂection from stress-free surface
In this section, we shall derive the relations between the reﬂection coeﬃcients, when QLD wave becomes
incident at stress-free boundary y = 0. For incident QLD wave, there will be reﬂected QLD, QCTM and
QCTD waves as shown in Fig. 1. Accordingly, if the wave normal to the incident QLD wave makes angle
h0 with the positive direction of y-axis, and those of reﬂected QLD, QCTM and QCTD waves make h1, h2
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Fig. 1. Two-dimensional geometry of the problem in xy-plane.
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normal force stresses, tangential force stresses and tangential couple stresses at boundary, i.e.,t22 ¼ 0; t21 ¼ 0; m23 ¼ 0; ð20Þ
wheret22 ¼ A12u1;1 þ A22u2;2; ð21Þ
t21 ¼ A78u2;1 þ A88u1;2 þ ðA88  A78Þ/3; ð22Þ
m23 ¼ B44/3;2: ð23ÞThe following components of displacement and microrotation vectors are appropriate to satisfy the boundary
conditions (20)uðaÞ1 ¼ AðaÞdðaÞ1 eiga ; ð24Þ
uðaÞ2 ¼ GðaÞAðaÞdðaÞ1 eiga ; ð25Þ
/ðaÞ3 ¼ ikaH ðaÞAðaÞdðaÞ1 eiga ; ð26Þwhere ga ¼ kaðxpðaÞ1 þ ypðaÞ2  vatÞ; a = 0 corresponds to incident wave; a = 1, 2 and 3 correspond to reﬂected
waves, andGðaÞ ¼ K1ðA12 þ A78Þp
ðaÞ
1 p
ðaÞ
2
2  K2pðaÞ1 ðDðaÞ1  qv2aÞ
K2ðA12 þ A78ÞpðaÞ2 pðaÞ1
2  K1pðaÞ2 ðDðaÞ2  qv2aÞ
; ð27Þ
H ðaÞ ¼ K1p
ðaÞ
2 þ K2GðaÞpðaÞ1
vþ jk2ðDðaÞ3  qv2aÞ
; ð28ÞwhereDðaÞ1 ¼ A11pðaÞ1
2 þ A88pðaÞ2
2
; ð29Þ
DðaÞ2 ¼ A77pðaÞ1
2 þ A22pðaÞ2
2
; ð30Þ
DðaÞ3 ¼ ðB66pðaÞ1
2 þ B44pðaÞ2
2Þ=j: ð31Þ
Using the above displacement and microrotation components, the boundary conditions (20) give the following
three relationska½A12pðaÞ1 þ A22GðaÞpðaÞ2 AðaÞdðaÞ1 eikaðxp
ðaÞ
1
vatÞ ¼ 0; ð32Þ
½A78pðaÞ1 GðaÞ þ A88pðaÞ2 þ ðA88  A78ÞH ðaÞkaAðaÞdðaÞ1 eikaðxp
ðaÞ
1
vatÞ ¼ 0; ð33Þ
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ðaÞpðaÞ2 A
ðaÞdðaÞ1 e
ikaðxpðaÞ1 vatÞ ¼ 0: ð34ÞIn view of the fact that Eqs. (32)–(34) must hold for all x and t, it is deduced thatk0p
ð0Þ
1 ¼ k1pð1Þ1 ¼ k2pð2Þ1 ¼ k3pð3Þ1  k; ð35Þ
k0v0 ¼ k1v1 ¼ k2v2 ¼ k3v3  x: ð36Þ
From Eqs. (32)–(34), the expressions for reﬂection coeﬃcients Z1 ¼ A
ð1Þ
Að0Þ
, Z2 ¼ A
ð2Þ
Að0Þ
and Z3 ¼ A
ð3Þ
Að0Þ
can be
obtained by the application of Cramer’s rule.
4. Application to a particular model
The following relevant physical constants are chosen arbitrarily for a composite as an orthotropic micro-
polar material due to unavailability of relevant experimental data for such material in literature (Kumar and
Choudhary, 2002a).Angle of propagation
Ve
lo
ci
ty
Fig. 2. Velocity of QLD wave as function of angle of propagation.
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Fig. 3. Velocity of QCTM wave as function of angle of propagation.
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A12 ¼ 7:69 1011 dyne=cm2; A77 ¼ 1:9959 1011 dyne=cm2;
A78 ¼ 1:98 1011 dyne=cm2; A88 ¼ 2:0159 1011 dyne=cm2;
B44 ¼ 0:036 1011 dyne; B66 ¼ 0:037 1011 dyne; q ¼ 2:19 gm=cm3;
j ¼ 0:0196 cm2; jk2 ¼ 1:The following physical constants for Aluminium-epoxy composite as an isotropic micropolar elastic solid are
considered (Gauthier, 1982)Angle of propagation
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Fig. 4. Velocity of QCTD wave as function of angle of propagation.
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Fig. 5. Reﬂection coeﬃcient of QLD wave as function of angle of propagation.
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l ¼ 1:89 1011 dyne=cm2; j ¼ 0:0149 1011 dyne=cm2;
c ¼ 0:0268 1011 dyne; j ¼ 0:0196 cm2; jk2 ¼ 1:The complex absolute values of the velocities of plane waves and the reﬂection coeﬃcients are computed
numerically for above physical constants of orthotropic and isotropic micropolar materials with following
components of propagation and unit displacement vectorspð0Þ1 ¼ sin h0; pð0Þ2 ¼ cos h0; pð1Þ1 ¼ sin h1; pð1Þ2 ¼  cos h1; ð37Þ
dð0Þ1 ¼ cos h0; dð0Þ2 ¼  sin h0; dð1Þ1 ¼ cos h1; dð1Þ2 ¼ sin h1; ð38Þ
pð2Þ1 ¼ sin h2; pð2Þ2 ¼  cos h2; pð3Þ1 ¼ sin h3; pð3Þ2 ¼  cos h3; ð39ÞAngle of propagation
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Fig. 6. Reﬂection coeﬃcient of QCTM wave as function of angle of propagation.
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Fig. 7. Reﬂection coeﬃcient of QCTD wave as function of angle of propagation.
B. Singh / International Journal of Solids and Structures 44 (2007) 3638–3645 3645dð2Þ1 ¼ cos h2; dð2Þ2 ¼ sin h2; dð3Þ1 ¼ cos h3; dð3Þ2 ¼ sin h3: ð40ÞThe velocities as well as reﬂection coeﬃcients of the plane waves are plotted against the angle of propagation.
Here, the reﬂection coeﬃcients are computed for the range 0 < h0 < 90 of angle of propagation, as the reﬂec-
tion coeﬃcients become real indeﬁnite at h0 = 0 and h0 = 90 due some terms involving sine and cosine of h0
in the denominators. The variations of the velocities of QLD, QCTD and QCTM waves are shown graphically
with the angle of propagation in Figs. 2–4. The variations of the reﬂection coeﬃcients of QLD, QCTD and
QCTM waves are shown graphically with the angle of propagation in Figs. 5–7. The solid and dotted curves
in Figs. 2–7 correspond to orthotropic and isotropic cases, respectively. It may be noticed from Figs. 2–4 that
QLD wave is fastest and QCTM wave is slowest.
The velocities of QLD, QCTM and QCTD waves in an orthotropic micropolar medium increase sharply
with angle of propagation, whereas these remain constant for isotropic micropolar medium as shown by dot-
ted curves in Figs. 2–4. The complex absolute values of velocities of these waves for orthotropic case are more
than those for isotropic case at each angle of propagation. Thus, the velocities of these waves increase due to
anisotropy in the medium.
The variation of reﬂection coeﬃcient of QLD wave with angle of incidence is oscillatory and is shown
graphically by solid curve in Fig. 5. The solid curve reduces to dotted curve in absence of anisotropy. The vari-
ations of reﬂection coeﬃcients for QCTM and QCTD waves are similar and are shown graphically in Figs. 6
and 7. The reﬂections coeﬃcients of these waves decrease with the increase in the angle of incidence. The solid
curves in Figs. 6 and 7 reduce to dotted curves in absence of anisotropy.
5. Concluding remarks
Two-dimensional plane wave propagation in an orthotropic micropolar medium shows the existence of
three coupled quasi waves. The relations between reﬂection coeﬃcients of various reﬂected quasi plane waves
are derived for the incidence of QLD wave. The main observations from numerical computations for a par-
ticular model of the orthotropic micropolar material are as follows:
1. Velocities of quasi-plane waves are function of angle of propagation.
2. Reﬂection coeﬃcients of waves in an orthotropic material are also function of angle of propagation.
3. Velocities and reﬂection coeﬃcients are greatly aﬀected due to anisotropy in micropolar material.
The present numerical study might provide more relevant information about the wave propagation in
orthotropic material if we had relevant experimental physical data for an orthotropic micropolar material.
The present theoretical and numerical analysis may be helpful to experimental seismologists working in the
ﬁelds of wave propagation in solids.
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